Abstract-Green functions corresponding to various polynomial partial differential operators of second, fourth and higher order are derived and the results are collected in tabular form for quick reference. The results and the methods suggested for their derivation are of importance in solving electromagnetic field problems associated with various linear (bi-anisotropic) media.
INTRODUCTION
Green functions represent basic solutions to differential equations subject to some additional (boundary) conditions. Here we consider problems without finite boundaries. Green functions of this kind can be interpreted as fields arising from point, line or plane sources (corresponding to three, two and one dimensional Green functions, respectively) in a medium of infinite extent. Knowledge of the Green function of a certain medium can essentially simplify solving electromagnetic boundary-value problems in the medium in question. In fact, instead of solving differential equations with boundary conditions, one can derive integral equations for unknown boundary sources or obtain solutions for source problems through simple integrations.
For the moment, knowledge of Green functions of different media appears quite limited, due to insufficient knowledge of solutions associated with corresponding differential operators. It is well known that problems in general linear (bi-anisotropic) media [1] lead to polynomial partial-differential operators of the fourth order [2] . Their solutions have not, however, been widely discussed in scientific literature. On the other hand, dyadic Green functions corresponding to different boundary conditions in simple isotropic media have been thoroughly treated in the famous monograph by C. T. Tai [3] .
The main purpose of the present paper is to derive Green function solutions to some polynomial operators of the fourth order which have importance in building solutions for Green dyadics in different media. Only problems of static or time-harmonic origin leading to equations of the elliptic type are discussed here. As an introduction, solutions for some second-order operators are also given. The results are displayed in tabular form in an Appendix for convenience. Also methods of solution, grown from the experience of these authors in solving Green dyadics for various media, are shown in concise form and they may have application to other similar problems.
GREEN FUNCTIONS
Green function G(r) is a solution to a differential equation defined by the partial differential operator 1 L(∇) :
1
The minus sign in front of the delta function is a convenience not obeyed by all authors. Sometimes it is absorbed in the definition of the operator.
L(∇)G(r) = −δ(r).
(1)
Symbolically, we can write the solution in the form
To solve time-harmonic electromagnetic fields in linear bi-anisotropic media the basic problem is to find the dyadic Green function depending on the dyadic parameters of the medium. The basic problem involves a dyadic operator of the second order operating on the dyadic unknown which consists of nine scalar functions to be solved. This can always be reduced to the problem of a single scalar Green function involving a scalar fourth-order operator, the Helmholtz determinant operator. For the electric field this operator can be written as [2] 
r , µ r , ξ r , and ζ r denoting the relative dyadic parameters of the medium. In the general case, when expanded, the Helmholtz determinant operator has nonvanishing differential operators of all orders from 0 to 4. For some special media the expression can be simplified. For example, for the class of so-called decomposable media, the fourth-order operator can be factorized, written as the product of two second-order operators [8] .
In addition to the differential equation, suitable radiation conditions are needed at infinity for the uniqueness of the solution. Normally it is required that power is transported by the electromagnetic fields towards infinity, away from the source, and not the other direction. What this means for a solution to the fourth-order operator, which is a kind of potential function, is not so obvious. When the solutions are applied to making Green dyadics representing electromagnetic fields, the solutions of the fourth-order operator equations should match the radiation conditions of the Green dyadics. This problem is not addressed here. The intention is just to find analytic Green-function solutions G(r) corresponding to operators L(∇) . For more information on radiation conditions in bi-anisotropic media, see [9, 10] .
A few words on the notation applied in the analysis: operations with dyadics are defined in [2] . Arbitrary vectors are denoted by a, b and unit vectors by u, v. Three and two-dimensional radial position vectors are respectively denoted by r and ρ = u x x + u y y and their lengths by r and ρ . The two-dimensional differential operator is denoted by ∇ t . S denotes an arbitrary symmetric dyadic and S t a two-dimensional symmetric dyadic. The operator A : ∇∇ = ∇ · A · ∇ can always be replaced by S : ∇∇ where S is the symmetric part of the dyadic A . Affine transformation through a symmetric dyadic is understood so that the identity ∇r = I is invariant. Thus, if ∇ is transformed to S · ∇ , we must transform r to S −1 · r and similarly in two dimensions. Uniaxial dyadics are denoted by α and β with their axes along the unit vector u z . For example, we have
EVALUATION OF SOME GREEN FUNCTIONS
Green function expressions corresponding to some typical operators are derived here in concise form to demonstrate methods used for obtaining the solutions. The results are summarized in the Appendix as a table in the form L(∇) ⇒ G(r) .
Second-Order Operators
The basic Green functions in three, two and one dimensions are well known:
The basic Green function problem and solution (5) can be transformed affinely through a symmetric dyadic S 1/2
[2] as
to the form
Thus, the solution of
can be expressed as
Here we have assumed that the symmetric dyadic S is complete, i.e., that it has the inverse S −1
. In the converse case this leads to a twodimensional problem considered next.
One has yet to define the branch of the distance function D s so that the result satisfies radiation conditions in the infinity, which definition obviously depends on the dyadic S. For example, if S is real or Hermitian and positive definite, we have S : rr > 0 for r = 0, and the positive square root must be chosen to ensure outward propagation of the wave.
To study the affine transformation of the two-dimensional Green function problem (6) we introduce a two-dimensional symmetric dyadic S t as a part of the three-dimensional dyadic
From the inverse [2]
we can identify its two-dimensional part and call it the two-dimensional inverse of S t :
Thus, we can define the two-dimensional affine transformation as
and transform the problem to
(18) The solution to
can thus be written as
Here we assume that spmS t = 0. In the converse case the problem becomes basically one dimensional. The previous two-dimensional problem (19) can also be written in three-dimensional form by adding the delta function δ(z) :
whence the corresponding solution is
This problem is related to the two-dimensional one because we can assume without restricting generality that a and b are vectors orthogonal to u z . The case of parallel vectors (a × b = 0) leads basically to the operator of the one-dimensional type ∂ 2 x + k 2 and is excluded. The Green function satisfies
where S t is the symmetric part of the dyad ab,
Assuming
we can apply (20) to give the solution
z).(25)
The question about the branches of the square roots has been discussed in [6] .
Assuming S complete and symmetric, this operator can be expressed as
Because for any function f (r) we can write
the equation for the Green function can be written as
This has the solution
The special case a = 0 gives the earlier result (12).
Fourth-Order Operators
The fourth-order operators considered here are all products of second-order operators which means that the most general cases are not covered. Some of the factorized fourth-order operator problems can be solved in terms of solutions to the second-order problems. As a simple example of such a problem we consider the following:
This can be solved by splitting it in two factors as
(31)
Here D(∇) is a second-order operator. The Green function for the factorized operator L(∇) can be solved in terms of the Green functions of the factor operators. This can be done by making the partial fraction expansion
The Green function G D (k; r) is the solution to
This method can be applied to various operators. For example, when
The latter can be rewritten by introducing new parameters k, K as
whence we have
The Green function corresponding to an operator of the square type is obtained as the limit k 1 →k 2 →k from the previous case. Denoting
Applying this to the basic operators in one, two and three dimensions gives us
These expressions can be checked by operating once by
For example,
gives the Green dyadic corresponding to the operator in the previous section. For example, operating (39) by ∂ 2 z + k 2 is seen to give (e −jk|z| /2jk)δ(ρ).
The Green function corresponding to this operator can be expressed as
This can be solved through the following trick [4] . Writing the spherically symmetric Green function in the form
the axially symmetric Green function G(ρ, z) satisfies
The expressions in square brackets must be the same except for an arbitrary function of z denoted by f (z) :
The Green function G(ρ, z) can be obtained through integration [7] as
Here, γ is an arbitrary scalar making γρ a dimensionless number. The integrals can be expanded as
where
The Green function has thus the form
where a numerical factor has been absorbed in the arbitrary function f (z). Let us postpone its choice to the next example. The final form is given in (55).
As a simple check of (50), let us differentiate it by ∂ ρ and apply (49) together with the property ∂ ρ = (ρ/r)∂ r when operating on a function of r. Doing this, we arrive at
which coincides with (46), the starting point. Here one should note that ∂ ρ G(ρ, z) is sufficient when forming the Green dyadic and the Green function G(ρ, z) itself is not needed [4] .
This operator can be reduced to the previous one through a partial fraction expansion:
Applying now the results (31) and (50), the Green function can be expressed as
At this point we may consider the term containing the arbitrary function f (z). Since in the present case the operator contains ∂ 2 z and ∇ 2 , it is natural to have a solution in terms of r and z variables only. The variable ρ can be eliminated by choosing f (z) = 2e −jk|z| . Thus the present Green function is simplified in form to
and that of the previous operator, (50), to the form
Here the arbitrary factor γ has been chosen as γ = k. (54) can also be derived using Fourier transform techniques showing that the terms with ln(γρ) must vanish. This is shown explicitly for the more general case below.
The Green function of this operator can be written in the form of a series expansion. Let us Fourier transform the equation
with respect to z and denote the corresponding spectral variable by β. The spectral Green function G(ρ, β) then satisfies
The solution of this equation is given by
Now we can apply the Neumann series expansion [13, p. 130 ]
After some manipulations this allows us to write G(ρ, β) as 
with h (2) n (k 2 r) denoting the spherical Hankel function of order n and second kind given by
This means that the inverse Fourier transformation G(r) of G(ρ, β)
can be written as
with r = (ρ ) 2 + z 2 . Now let us consider the following integral
with m = 0, 1, . . . , n. We can also write this as
If we now expand the rational factor in the integrand in partial fractions this becomes
where the coefficients α (n) i only depend on z and follow from identifying (66) with (65). It can be checked that α
is not too easy, although not impossible, to obtain [15] . Some functions α (n) i (z) can be written simply as
Now we can evaluate (66) using exponential integrals ( [16] p.228)
where E i is the exponential integral of order i. With this result the expression for G(r) finally becomes
Note that when k 2 = k 1 only the term with n = 0 survives and the result of (54) is recovered.
The dyadic α in the operator is assumed uniaxial:
The Green function is obtained through affine transformation and the previous result. Starting with
we can transform
to
becomes
When we substitute the expression (55), the resulting Green function is
where the distance function D α (r) is defined by
We can also generalize the Green function of the operator (∂ 2 z +k 2 )(∇ 2 + k 2 ) affinely through the uniaxial dyadic α by assuming α z = 1 and denoting α t = α. The Green function corresponding to the operator
is obtained from (54) by setting ρ→ρ/ √ α and multiplying by α :
The distance function is now
From the knowledge of the Green function
and applying the partial fraction expansion method, we can form the Green function corresponding to the fourth-order operator equation
To find the Green function for the fourth-order operator S : ∇∇+k 2 2 through the limit k 1 →k 2 →k is somewhat tedious. The result can however be simply obtained through differentiation as
Higher-Order Operators
The method given previously for the squares of operators can be generalized to any positive powers through differentiation as follows:
where we denote
It must be assumed that the operator D(∇) does not depend on the parameter k.
The differentiation principle can be applied many times:
This makes it possible to derive expressions for Green functions corresponding to any powers of operators of this kind. Assuming
we have
For example, we have quite straightforwardly
This satisfies
as can be easily checked.
The previous method can now be applied to find higher-order Green functions defined by the operator
In fact, identifying G 1 (r) = G s (r) of (12), we can write
It is easy to find the sequence of Green functions as
More generally, the Green function defined by an operator of the order 2n :
can be solved through the partial fraction expansion. For example, the Green function corresponding to n = 3, is
The obvious generalization is
Factorized Fourth-Order Operator
For a certain class of bi-anisotropic media, so-called decomposable media [8] , the fourth-order Helmholtz determinant operator has been shown to be factorizable as a product of two second-order operators,
In this case, by expressing
the corresponding Green function
can be expressed as a formal operator series by applying the previous Green functions. In fact, assuming that the operator ∆(∇) is 'small', we can formally write the series expansion
If we can express the Green function of the inverse power operators, the resulting Green function is given as as a series of operators operating on known functions. For example, consider the operator of the previous example,
Thus, the Green function satisfying
is obtained in the form of an expansion involving operators,
(106) This series has use in finding corrections to Green functions of square operators when the factorizable operator only slightly deviates from a square operator. A perturbative series method of this kind was first discussed by K. K. Mei [11] to find solution for the Green dyadic in an anisotropic medium. The same idea was used to find a series expression for the Green dyadic in a class of bi-anisotropic media, [12] .
As a simple check of (106) let us take ∆ = k 2 2 − k 2 , a constant. In this case, (106) reduces to
which coincides with (83) with k 1 = k. Here we have used the shifting operator as
Factorized Higher-Order Operators
For general higher-order operators that can be factorized in a product of second order operators it is possible to express the Green function as a double integral over finite intervals. Consider the operator of the form
with
Let us perform a spatial Fourier transformation in three dimensions where k becomes the Fourier variable. In spectral domain the expression (1) then becomes
To obtain the solution in physical space, the inverse Fourier transformation is formed as
where the integration runs over the whole three-dimensional k-space, Using spherical coordinates (k, θ, φ) in the k-space we can write the inverse transformation as
Note that the k-integration is running from −∞ to +∞ and the θ-integration from 0 to π/2, which is somewhat unconventional but essential to the further evaluation. Expressing the position vector k in the Fourier space in spherical coordinates as
we can write G(k) as
Now we assume that the branch cuts of the square roots in ( 
Here we have assumed that all the k 
has two remaining integrals over φ and θ that cannot be evaluated in closed form. Since they run over finite intervals a numerical integration using for example Gaussian quadrature formulas is straight forward.
APPENDIX. TABLE OF GREEN FUNCTIONS
A number of Green functions G(r) corresponding to a number of operators L(∇) and satisfying (1) 
